Abstract. An optimal control problem for a parabolic obstacle variational inequality i s considered. The obstacle in L 2 ; 0 T H 2 ( ) \ H 1 0 ( ) with t 2 L 2 (Q) i s t a k en as the control, and the solution to the obstacle problem taken as the state. The goal is to nd the optimal control so that the state is close to the desired pro le while the norm of the obstacle is not too large. Existence and necessary conditions for the optimal control are established.
Introduction
An optimal control problem for a parabolic variational inequality is considered on a domain Q = (0 T We seek an obstacle in U so that the corresponding state u = T ( ), the solution of (1.1), is close to a desired target pro le z and the norm of is not too large. Consequently, we take as our objective functional : J( ) = Z Q (T ( ) ; z) 2 + j j 2 + j t j 2 dx dt: (1.2) We are minimizing the functional, i.e., nding 2 U such that
Such a control and corresponding state u = T ( ), will be called an optimal pair ( T ( )).
Optimal control for variational inequalities have been considered in many di erent scenarios venues aspects. See 9, 3, 11, 12, 15, 17] for examples.
The key feature of this paper is the use of the obstacle as the control. The authors here together with Jiongmin Yong treated a similar problem but in the elliptic case with H 1 0 ( ) obstacle and no source term 2]. The surprising result of that paper is that the optimal obstacle is equal to its corresponding state, i.e., = T ( ). This result is no longer true in the elliptic case with a source term. See a recent paper by the authors where the elliptic case with a source term is considered 1]. For results on other types of control of variational inequalities, see [4] [5] [6] [7] 10, 13, 14, 16] .
In section 2, we present existence results for the state variational inequality b y approximating with a semilinear parabolic PDE. There the existence of an optimal control is established. Section 3 gives the derivation of necessary conditions for an optimal control. Note the results here hold for a more general uniformly parabolic operator with bounded coe cients.
Existence of an Optimal Control
We a p p r o ximate our variational inequality (1.1) by a semilinear parabolic equation. The approximate problem will yield a priori estimates for solutions of (1.1), which in turn will be used to obtain necessary conditions. We i n troduce solution space notation for our approximation problem. De ne
We will use the following assumptions throughout this paper : and are used later in this paper.
Proposition 2.1. For 2 U, the solution u = T ( ) of (2.1) satis es
Proof: W e rst give t h e L 2 estimate on the term: 
Now using standard parabolic PDE results, 8] we h a ve
which together with (2.4) gives the desired estimate (2.2).
We n o w let ! 0.
Proposition 2.2. For 2 U, there exist a unique u 2 K( ) such that u = T ( ) and as ! 0, the solutions u = T ( ) of (2.2), satisfy
In addition, the following estimate holds:
(2.5) Proof: Estimate (2.2) gives the weak convergences above. But we also have 
and u a.e. on Q. Thus we conclude u = T ( ) a n d u satis es (2.5). Uniqueness of solutions to (1.1) is a standard result. 5, 7] We n o w prove that there exist an optimal control that minimizes the objective functional (1.2).
Theorem 2.1. There exists an optimal control in U that minimizes the objective func- Thus is an optimal control minimizing the functional (1.2).
Necessary Conditions
We derive necessary conditions that an optimal pair ( u ) w i t h u = T ( ) m ust satisfy. We derive conditions on the approximations u = T ( ) and then pass to conditions on 
We conclude that satis es PDE (3.1) .
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De ne W = fv 2 H 1 (Q)jv = 0 o n ( @ (0 T )) ( f 0g)g, and denote its dual by W 0 .
To derive necessary conditions on an optimal control and state functional (1.2), we consider an approximation problem: Proof: The apriori estimates from Theorem 3.2 give the desired convergences and the existence of u , a n d p.
To show u = T ( ), note that for v 2 K( ) , We conclude J( ) is the minimum value of J( ) f o r in U and is an optimal control.
